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In order that freeform fabrication techniques, which entail layer-by-layer liquid-metal deposition, transition
from prototyping to manufacturing, these techniques must be made reliable and consistent. Accordingly,
detailed microstructural and thermal characterizations of the structures produced are needed in order to
advance these fabrication techniques. The inherent complexity of layer-by-layer liquid-metal deposition,
which is characteristic of energy and mass deposition processes in general, is such that process modeling
based on basic theory alone, which represents the direct-problem approach, is extremely difficult. A general
approach to overcoming the difficulties associated with this inherent complexity is the inverse problem
approach. Presented here is a general algorithmic structure for inverse modeling of heat transfer that
occurs during layer-by-layer fabrication. This general algorithmic structure represents an extension and
refinement of an algorithmic structure presented previously and is potentially adaptable for prediction of
temperature histories within parts having complex geometries and for the construction of process-control
algorithms.

Keywords modeling processes, powder metallurgy, shaping

1. Introduction

The many benefits of fabrication techniques based on layer-
by-layer deposition processes, or solid freeform fabrication,
follow from the ability to make spare or replacement parts on
demand, to repair damaged parts and to add features on existing
parts. Different types of layer-by-layer deposition processes,
which entail droplet-by-droplet liquid-metal deposition, have
been developed. Droplet-by-droplet liquid-metal deposition
involves building three dimensional, net-shape metallic struc-
tures. Accordingly, a CAD solid model of the object or part is
sliced into layers. Each slice or layer is formed by overlapping
several reinforced melt bead droplets, which are made by
continuously feeding powder or wire into a melt pool formed
by a laser or electron beam. Each droplet follows the trajectory
set by an automated process planner. The general droplet-by-
droplet deposition process is described schematically in Fig. 1.
Concentrically arranged nozzles feed metal powder or wire into
a liquid-metal melt pool generated by means of either an
electron or laser beam. As the substrate is translated according
to a specified sequence of finite translations in the x and y
directions, overlapping melt bead droplets form the first layer.
The substrate is then incrementally lowered in the z direction
and a second layer is formed again by a specified sequence of
finite translations of the substrate in the x and y directions. This
sequence of steps is continued until a three-dimensional solid
object is created, which is an exact replica of the original CAD

model. By this means, it is possible to fabricate fully dense,
complex shape structural and functional parts with internal
geometries and overhangs. References 1-9 and references
therein provide a comprehensive initial survey of various
aspects of layer-by-layer liquid-metal deposition processes. A
brief review of some of these aspects is as follows.

Processes that entail droplet-by-droplet liquid-metal depo-
sition are capable of fabricating metallic parts from a variety of
alloys. Stainless steel, tool steel, titanium, rhenium, aluminum,
and nickel-based superalloys are some of the alloys that have
been successfully processed. There are potential applications
for these processes in the automotive, energy, aerospace,
defense, and biomedical industries where prototype parts are
routinely made. The manufacture of load-bearing and func-
tional parts, however, is faced with technical and economic
hurdles. As layer-by-layer fabrication techniques mature,
however, i.e., these techniques become affordable and their
technical problems solved, more applications should be
forthcoming. For reliability in manufacturing and consistency
in part performance, droplet-by-droplet deposition of liquid
metal with precise closed loop process control must be
developed. For process control, it is important to understand
the evolution of the microstructure, which is correlated with the
nature and magnitude of the thermal fields. For example, a
freeform-fabricated rectangular coupon is made by a straight-
line build-up process, i.e., depositing metal on a substrate
which is translated back and forth. As described in this study,
the freeform-fabricated coupon is made up of several layers
defined by the ripples on the surface (see Fig. 2). The surface
ripples are remnants of surface tension-driven spherical melt
pools, which are correlated with liquid-metal droplets. The size
and shape of the surface ripples depend upon the surface
tension, density of the alloy, the size of the melt pool generated
by each droplet, and the fluid dynamics of the melt pools. All
of which depend upon the heat input and temperature
distribution.
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Among the process parameters for fabrication of net-shape
metallic parts by droplet-by-droplet liquid-metal deposition are
laser or electron beam power density, beam focus, powder or
wire feed rate, z-range of build, transverse velocity of droplet
deposition, xy-hatch spacing, and z increment. These parame-
ters are not very different from those used for laser or electron
beam welding, especially if it involves multi-pass welding. It is
essential to have optimal control of process parameters,
however, in order to achieve tighter dimensional tolerances,
reasonable surface finish, and control of thermal stress.
Excessive thermal stress can result in cracking and delamination
between layers. In addition, it is necessary that manufacturing

processes are reliable so that quality parts can be produced
consistently. Accordingly, the goals of layer-by-layer manufac-
turing are to determine the ‘‘build envelope’’ and to achieve
‘‘closed loop process control’’ for the fabrication of high
quality parts and components for critical applications. One way
to achieve these goals is to develop analysis methods for
determining the thermal fields, temperature histories, and fluid
flow fields within close proximity of the melt pools and
solidified layers. From this type of analysis, process-control
algorithms can be determined for specific materials and
processes.

General microstructural features of metallic structures
fabricated by layer-by-layer deposition processes were exam-
ined in Ref 8 and 9. Metallic structures fabricated by droplet-
by-droplet liquid-metal deposition appear as a series of beads
arranged side by side and one above the other. For these
structures, the solidification bands are highlighted by segrega-
tion and define the shape of the melt pool. These bands also
appear to correspond to the ripples on the surface. The shape of
the bands suggests a flat-bottomed melt pool, which is very
different from the usual hemispherical shape of melt pools
occurring in welds. This suggests that most of the heat transfer
in the freeformed metallic structure is through the previous
layers and substrate. The band-free top region of the metallic
structure consists of the last melt bead droplets to solidify. This
suggests a spherical melt pool shape which is several times
larger than the band spacing or layer thickness, and that
considerable remelting of the previous layers takes place. The
microstructure of coupon cross sections (Fig. 2) typically
shows three distinct regions, a heat-affected-zone (HAZ) in
the substrate, banding in the body of the deposit, and a band-
free top layer.

The inherent complexity of layer-by-layer deposition
processes demonstrated by various fabrication techniques
establishes that modeling of heat transfer in such processes
represents a relatively difficult task (Ref 1-9). This is expected
to be especially the case when modeling such processes using
basic theory or modeling based on first principles. That is to
say, when modeling layer-by-layer deposition processes using
the direct-problem approach. As discussed previously (Ref 9), a
general approach to overcoming modeling difficulties associ-
ated with the inherent complexity of energy deposition

Fig. 2 Examples of microstructure showing overlapping melt bead droplets. (a) Laser-powder deposited (Courtesy: William Hofmeister,
Vanderbilt University.) (b) E-beam-wire deposited (Courtesy: Thomas Eagar, MIT)
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Fig. 1 Schematic representation of droplet-by-droplet deposition
process showing overlapping of melt bead droplets to build a
three-dimensional metallic structure
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processes is the inverse problem approach. Methods of inverse
analysis, in contrast to analysis methods based on the direct-
problem approach, are characterized by many properties that
follow directly from the fact that inverse methods are data
driven as well as model driven (Ref 10, 11). Principal among
these properties is the fact that relatively complex and highly
nonlinear systems can be represented accurately by means of
model representations characterized by small numbers of
parameters. In many cases, the errors that are introduced by
approximations underlying an inverse model, and its associated
relatively small set of parameters, are in fact compensated for
by the characteristics of the available experimental data, i.e., the
data space.

In previous studies (Ref 8, 9), the concept, or more
appropriately the notion, of using inverse analysis to model
droplet-by-droplet liquid-metal deposition was given a pre-
liminary examination. The numerical simulations presented in
these studies demonstrated the potential feasibility of applying
inverse analysis to processes involving droplet-by-droplet
deposition. These studies considered, however, numerical
procedures whose general methodology was not defined
precisely and case study analyses of structures characterized
by relatively simple geometries and boundary conditions, i.e.,
structures where heat conduction is essentially two dimensional
in character. In this study, an algorithmic structure is presented
that establishes the general applicability of inverse analysis to
droplet-by-droplet liquid-metal deposition and provides for the
consideration of different types of geometries and boundary
conditions. This algorithmic structure, which represents an
extension and refinement of an algorithmic structure presented
previously (Ref 9), is readily adaptable to analysis of complex
geometries where heat conduction is three dimensional in
character, e.g., structures whose basic layered elements are
rectangular coupons, and the formulation of process-control
algorithms for process optimization.

In what follows the statement of a specific inverse problem
is presented that establishes the foundation of an algorithmic
structure for inverse modeling of unsteady heat conduction that
occurs during droplet-by-droplet liquid-metal deposition. It is
significant to note that the statement of the inverse problem
presented here is more well defined than that presented
previously (Ref 9) for the inverse analysis of droplet-by-
droplet liquid-metal deposition. The problem statement pro-
vides a foundation for the construction of a relatively general
algorithmic structure having a relatively small number of
model parameters, and accordingly, the convenient and
practical optimization of parameter values relative to a given
data space consisting of temperature measurements or obser-
vations of phase transformations, e.g., solidification. A signif-
icant aspect of this algorithmic structure is that the concept of
an equivalent or apparent distribution of energy sources (see
Ref 25) is extended to include nonlocalized spatial distribu-
tions of energy sources representing the entire volumetric
distribution of overlapping droplets as viewed from a specified
set of sampling points. During the course of the development
that follows the physical assumptions and mathematical
approximations underlying the derivation of the general
algorithmic structure are elucidated. A discussion is presented
of specific aspects of the algorithmic structure within the
context and objectives of the general inverse heat transfer
problem. Subsequently, the algorithm is applied to the analysis
of unsteady heat conduction within a prototype layer-by-layer
liquid-metal deposition process involving fabrication of a

coupon structure. The discussion of the results of this analysis
considers their significance relative to sensitivity, boundary
effects, and computational complexity. In particular, what
physical characteristics of liquid-metal droplets are significant
for inverse analysis, and accordingly, what characteristics of
the calculated temperature field are appropriate for inverse
modeling. Finally, it is emphasized that the overall context of
this effort concerns investigation of unsteady heat transfer
within metal structures that are fabricated using layer-by-layer
deposition processes.

2. Statement of Inverse Heat Deposition Problem

The inverse problem concerning analysis of physical
processes, in general (Ref 12-19), and the inverse heat transfer
problem, in particular (Ref 20-24), may be stated formally in
terms of source functions (or input quantities) and multidimen-
sional fields (output quantities). The statement of the inverse
problem given here, as in previous studies (Ref 9, 25), is
focused on aspects of the inverse heat deposition problem that
are related to the determination of temperature fields by means
of appropriate regularization of their space and time distribu-
tions. This statement represents an extension of those given in
Ref 24-26 and is for the specific application of inverse analysis
to heat deposition processes involving droplet-by-droplet
liquid-metal deposition. This statement of the inverse problem
is such that the concept of an equivalent or apparent distribution
of energy sources (see Ref 25) is extended to include
nonlocalized spatial distributions of energy sources represent-
ing the entire volumetric distribution of overlapping droplets as
viewed from a specified sampling point.

In general, the formulation of a heat conductive system
occupying an open bounded domain X with an outer boundary
So and an inner boundary Si involves the parabolic equation

@Tðx̂; tÞ
@t

¼ r � jðx̂; tÞrTðx̂; tÞð Þ ðEq 1aÞ

for Tðx̂; tÞ in X� ð0; tf Þ, with initial condition Tðx̂; 0Þ ¼
T0ðx̂Þ in X, and heat flux exchanges through the outer and
inner boundaries So and Si as follows:

�jðx̂; tÞ@Tðx̂; tÞ
@nSo

¼ cðx̂; tÞ Tðx̂; tÞ � Taðx̂; tÞð Þ ðEq 1bÞ

on So 9 (0, tf), and

�jðx̂; tÞ@Tðx̂; tÞ
@nSi

¼ qðx̂; tÞ ðEq 1cÞ

on So 9 (0, tf). Here x̂ ¼ ðx; y; zÞ is the position vector, nSo and
nSi are the normal vectors onto boundaries So and Si, respec-
tively, t is the time variable, tf is the final time, Tðx̂; tÞ is the
temperature field variable, jðx̂; tÞ is the thermal diffusivity field
variable, cðx̂; tÞ and Taðx̂; tÞ are specified functions, and qðx̂; tÞ
is the heat flux on the inner boundary Si. Determination of the
temperature field by solution of Eq 1(a-c) defines the direct
initial-boundary value problem. The statement of the inverse
problem considered here, whose generalization is also consid-
ered, is that of effectively reconstructing the heat flux field
qðx̂; tÞ on the inner and outer boundaries Si and So, and the
resulting temperature field Tðx̂; tÞ for all time t 2 ½0; tf �, when
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Si and So are totally or partially inaccessible. In order to
reconstruct the heat flux, information concerning the tempera-
tures Tðx̂s; tÞ, where x̂sf g 2 Si; So is needed and therefore must
be acquired either experimentally or via direct numerical simu-
lation (Ref 26).

Following the inverse analysis approach, a parametric
representation based on a physical model provides a means
for the inclusion of information concerning the physical
characteristics of a given energy deposition process. It follows
then that for heat deposition processes involving the deposition
of heat within a bounded region of finite volume, a consistent
parametric representation of the temperature field is given by

Tðx̂; j; tÞ ¼ TA þ
XNk

k¼1
Tk x̂; x̂k ; j; t; a1; . . . ; anð Þ ðEq 2aÞ

and

T x̂cn; t
c
n; j

� �
¼ Tc

n ðEq 2bÞ

where the quantity TA is the ambient temperature of the
workpiece and the locations x̂cn and temperature values Tc

n
specify constraint conditions on the temperature field. The
functions Tkðx̂; x̂k ; j; t; a1; . . . ; anÞ represent an optimal basis
set of functions for given sets of boundary conditions and
material properties. The quantities x

_

k ¼ ðxk ; yk ; zkÞ, k = 1,…,
Nk, are the locations of the elemental source or boundary ele-
ments. The sum defined by Eq 2a can for certain systems
specify numerical integration over the discrete elements of a
distribution of sources or boundary elements. Selection of an
optimal set of basis functions is based on a consideration of
the characteristic model and data spaces of heat deposition
processes and subsequently isolating those regions of the
model space corresponding to parameterizations that are both
physically consistent and sufficiently general in terms of their
mathematical representation and mapping from data to model
space (see Ref 25, 26). Although heat deposition processes
may be characterized by complex coupling between the heat
source and workpiece, as well as complex geometries associ-
ated with either the workpiece or deposition process, in terms
of inverse analysis the general functional forms of the temper-
ature fields associated with all such processes are within a
restricted class of functions, i.e., optimal sets of functions.
Accordingly, a sufficiently optimal set of functions are the
analytic solutions to heat conduction equation for a finite set
of boundary conditions (Ref 27). A parameterization based on
this set is both sufficiently general and convenient relative to
optimization.

The formal procedure underlying the inverse method
considered here entails the adjustment of the temperature field
defined over the entire spatial region of the sample volume at a
given time t. This approach defines an optimization procedure
where the temperature field spanning the spatial region of the
sample volume is adopted as the quantity to be optimized. The
constraint conditions are imposed on the temperature field
spanning the bounded spatial domain of the workpiece by
minimization of the value of the objective functions defined by

ZT ¼
XN

n¼1
wn T x̂ cn ; t

c
n ; j

� �
� Tc

n

� �2 ðEq 3Þ

where Tc
n is the target temperature for position x̂cn ¼

x cn ; y
c
n ; z

c
n

� �
.

The input of information into the inverse model defined by
Eq 1-3, i.e., the mapping from data to model space, is effected
by: the assignment of individual constraint values to the
quantities Tc

n ; the form of the basis functions adopted for
parametric representation; and specifying the shapes of the
inner and outer boundaries, Si and So, respectively, which
bound the temperature field within a specified region of the
workpiece. The constraint conditions and basis functions, i.e.,
Tðx̂cn; tcn; jÞ ¼ Tc

n and Tk x̂; x̂k ; j; t; a1; . . . ; anð Þ, respectively,
provide for the inclusion of the following types of information:
(a) solidification cross sections; (b) spatial character of energy
source (e.g., position of maximum temperature, shape, and
relative location of melt pool); (c) geometric information (e.g.,
shape features of the metallic structure); (d) boundary condi-
tions on the structure; (e) information related to tempera-
ture history (e.g., microstructure correlation with temperature);
(f) thermocouple measurements; (g) energy input (e.g., energy
per distance); and (h) information based on physical model
representations of aspects of heat deposition process.

A general parametric representation of heat deposition
processes follows from a set of general properties. First, the
general trend features of heat deposition processes are such
that the construction of a complete basis set of functions
Tkðx̂; x̂k ; j; t; a1; . . . ; anÞ making up a linear combination of the
form defined by Eq 2 for representation of the associated
temperature field is well defined and readily achievable.
Second, for heat deposition processes, characteristics of the
temperature field are poorly correlated to characteristics of the
energy source. The characteristics of the temperature field that
are associated with these processes, however, are strongly
coupled only to inner boundary Si on this field, e.g., the
solidification boundary. This property follows from the
low-pass spatial filtering property of the basis functions
Tkðx̂; x̂k ; j; t; a1; . . . ; anÞ, whose general forms are consistent
with the dominant trend features of heat deposition processes
(Ref 25). Third, given a consistent set of basis functions, the
temperature field associated with a heat deposition process is
completely specified by: the shape and temperature distribution

C( x̂k )

Si So

Inner Boundary

Outer BoundaryEnergy Source
Distribution

Fig. 3 Two-dimensional schematic representation of inner and
outer boundaries of temperature field that define inverse heat transfer
problem
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of a given inner boundary Si on the domain of the temperature
field; the diffusivity j; and the lengths of the spatial dimensions
of the structure. Fourth, the shape and temperature distribution
of a specified inner boundary Si is determined by the rate of
energy deposited within the volume of the structure. And
finally, in that an inner boundary Si (see Fig. 3) is defined by its
shape and the distribution of temperatures on its surface T( x̂S),
it follows that one can define a multidimensional temperature
field Tðx̂; j;V ;Di; Tðx̂SÞ; x̂S 2 SiÞ. In doing so, referring to
Fig. 3, the inverse problem defined by the mapping

Cðx̂kÞ 7! Tðx̂Þ ðEq 4Þ

can be replaced by the inverse problem defined by the mapping

Cðx̂kÞ; j 7! Si; S0 7! Tðx̂Þ ðEq 5Þ

Following the same arguments, the definition of the inverse
heat deposition problem as given above can be extended to
include systems that are characterized by incomplete informa-
tion concerning the diffusivity function j. This would include
any nonlinear dependence of j on temperature. This follows
in that Eq 5 implies the existence of a weighted space aver-
aged diffusivity.

At this stage, the statement of the inverse heat deposition
problem given above can be generalized to provide for the
construction of a parametric representation of droplet-by-droplet
liquid-metal deposition. This generalization is represented
schematically in Fig. 4 where the region of interest for
determination of the temperature field is contained within a
volumetric distribution of heat sources bounded by So. Referring
to Fig. 4, the generalization of the inverse problem represented
by Fig. 3 is that of effectively reconstructing the heat flux field
qðx̂; tÞ on the inner and outer boundaries Si and So, and the
resulting temperature field Tðx̂; tÞ for all time t 2 ½0; tf � at points
x̂p within the inner boundary Si, when the heat source
distribution Cðx̂kÞ is specified, in addition to total or partial
information concerning Si and So.

3. Formulation of General Algorithm

In that the droplet-by-droplet liquid-metal deposition
process can, in general, be characterized by two separate
spatial domains corresponding to the distribution of discrete
droplet sources and the temperature field distribution within the
neighborhood of each sampling point, it follows that a
consistent representation of the temperature field in terms of
basis functions is of the form

Tðx̂; tÞ ¼ TA þ
XNk

k¼1

XNt

n¼1
C x̂k ; nDtð ÞFðdÞk x̂; x̂k ; nDt; jð Þ ðEq 6Þ

where t ¼ NtDt and the functions F
ðdÞ
k ðx̂; x̂k ; t; jÞ are given by

F
ð3Þ
k ðx̂; x̂k ; t;jÞ ¼

1

ðtÞ3=2
exp �ðx� xkÞ2 þ ðy� ykÞ2þ ðz� zkÞ2

4jt

" #

ðEq 7Þ

for heat diffusion whose general trend is characteristically
three dimensional,

F
ð2Þ
k x̂; x̂k ; t;jð Þ ¼ 1

t
exp �ðx� xkÞ2 þ ðy� ykÞ2

4jt

" #

� 1þ 2
X1

m¼1
exp �jm2p2t

l2

� �
cos

mpz
l

h i
cos

mpzk
l

h i( )
ðEq 8Þ

for heat diffusion whose general trend is characteristically
two dimensional, and

F
ð1Þ
k x̂; x̂k ; t; jð Þ ¼ 1ffiffi

t
p exp � x� xkð Þ2

4jt

" #

� 1þ 2
X1

m¼1
exp �jm2p2t

a2

� �
cos

mpy
a

h i
cos

mpyk
a

h i( )

� 1þ 2
X1

m¼1
exp �jm2p2t

l2

� �
cos

mpz
l

h i
cos

mpzk
l

h i( )

ðEq 9Þ

for heat diffusion whose general trend is characteristically
one dimensional. The ‘‘dimensionality’’ of the functions
F
ðdÞ
k ðx̂; x̂k ; t; jÞ is selected according to the relative proximity

of a given set of sampling points to one or more nonconduc-
ting boundaries. The influence of nonconducting boundaries
based on the relative proximity of sampling points is repre-
sented schematically in Fig. 5. Referring to this figure, it fol-
lows that calculation of the temperature field at sampling
points within regions A, B, and C would adopt the basis func-
tions F

ðdÞ
k ðx̂; x̂k ; t; jÞ defined by Eq 9, 7, and 8, respectively.

At this point, some of the basic mathematical elements
underlying the general algorithmic structure presented above
for inverse modeling of droplet-by-droplet liquid-metal depo-
sition are reviewed. This algorithmic structure is based on the
parametric representation of the time-dependent temperature
field that is defined by Eq 6 to 9. For droplet-by-droplet liquid-
metal deposition, spatial filtering properties are perceived
intuitively by the observation that the diffusion of heat within
a structure that is being built is insensitive to many of the
details associated with specific shape features of a given melt
bead droplet and, for many locations within the structure,

C( x̂k )

Si

So

Inner Boundary Outer Boundary

Energy Source Distribution

Sampling Point

Fig. 4 Two-dimensional schematic representation of inner and outer
boundaries of temperature field that define inverse heat transfer
problem with respect to a sampling point in a closed region bounded
by surface Si that is contained within a volumetric distribution of
heat sources bounded by So
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influences of physical boundaries. These filter properties were
examined rigorously in Ref 9 and follow from the fact that the
spatial Fourier transform of the dominant trend factor of the
basis functions FðdÞk ðx̂; x̂k ; t; jÞ defined by Eq 7 to 9,

ftðxÞ ¼ exp �ðx� xkÞ2

4jt

" #
; ðEq 10Þ

is within the class of low-pass spatial filter functions whose
range of filtered spatial modes increases with time t. This fil-
tering is with respect to spatial modes associated with both
the spatial distribution of the coefficients Cðx̂k ; nDtÞ, and fac-
tors making up the functions FðdÞk ðx̂; x̂k ; t; jÞ that represent the
influence of nonconducting boundaries. These filter properties
establish conditions that provide for relative reduction in the
number of parameters that are required for representation of
spatial features associated with both melt bead droplets and
boundaries. In addition, these filter properties provide for a
reduction of algorithm complexity (see Ref 9). This follows
in that spatial filtering provides conditions such that the cal-
culation of temperature histories at a finite number of sample
points, in contrast to the entire volume of the structure,
results in a significant reduction of computational cost. The
general algorithmic formulation defined by Eq 6-9, which is
possible because of spatial filtering, is such that the concept
of an equivalent or apparent distribution of energy sources is
extended to include nonlocalized spatial distributions of
energy sources representing the entire discrete volumetric dis-
tribution of overlapping droplets as viewed from a specified
sampling point (see Fig. 4).

4. Prototype Analysis

In this section, a prototype analysis is presented that
demonstrates application of the general algorithmic structure

presented above to the inverse analysis of layer-by-layer
deposition processes and provides for an examination of
mathematical properties underlying the algorithmic formula-
tion. The prototype system is that of the freeform fabrication of
a rectangular coupon for a system whose thermal diffusivity is
within the range of steel. The model system consists of a
sequence layer, where each layer consists of a surface
distribution of discrete energy sources whose strengths are
assigned by the values of the coefficients Cðx̂k ; nDtÞ defined in
Eq 6 and are numerically integrated, or summed discretely, at
each time step. Each of the discrete energy sources represents a
discrete liquid-metal droplet of a given volume. The translation
speed of the sample relative to the point of liquid-metal
deposition is assigned implicitly through the time dependence
and relative locations of the discrete energy sources,
Cðx̂k ; nDtÞ. That is to say, a certain number of drops per layer
and a certain number of layers as a function of time are
specified. The model parameters used for the prototype analysis
are listed in Table 1. For purposes of this analysis, the basis
function FðdÞk ðx̂; x̂k ; t; jÞ given by Eq 8 is adopted for calcula-
tion of the temperature field. These functions are the solution to
the heat conduction equation for a temperature independent
diffusivity and nonconducting boundaries on two surfaces that
are separated by a distance l, which will correspond to the
thickness of the coupon to be fabricated. Accordingly, it is
assumed for this simulation that there is no conduction at the
substrate boundary. An additional condition imposed on the
model system is that of heat transfer into the ambient
environment at the edges of the rectangular coupon being
fabricated. This is a realistic assumption for process conditions
where droplet-by-droplet deposition occurs within a mold
structure consisting of a metal powder composite whose
thermal diffusivity is similar to that of the fabricated structure,
e.g., rectangular coupon. A constraint condition imposed on the
temperature field is that the liquid-solid interface defined by the
alloy liquidus temperature is at 1430 �C, consistent with
thermal properties of steel. Accordingly, the values assigned to
the coefficients Cðx̂k ; nDtÞ were such that the average temper-
ature of each discrete droplet was within the range of liquid
metal. It is significant to note that other constraint conditions
such as melt pool dimensions and measurements of temperature
via thermocouples can also be adopted for assigning values
to the coefficients Cðx̂k ; nDtÞ. In the present prototype analysis,
the layers are deposited one on top of the other by traversing
the passes in a zig-zag fashion according to different types of
layer-by-layer and droplet-by-droplet deposition sequences.
Consistent with the filter properties associated with thermal
diffusion, each melt bead droplet can be represented by a cube

C( x̂k , t)

Si

So

Sampling Points

Si

Si

(a)

(b)
(c)

Fig. 5 Two-dimensional schematic representation of sampling
points having different types of local influences. (a) Temperature
field is sensitive to source distribution and as well as the influence
of two (or three) nonconducting boundaries. (b) Temperature field is
sensitive to source distribution only. (c) Temperature field is sensi-
tive to source distribution and as well as the influence of a single
nonconducting boundary

Table 1 Model Parameters Used to Determine Thermal
Fields in Layer-by-Layer Deposition Process

Model parameters

Material: steel
Diffusivity: j = 2.59 10�5 m2/s
Time step: Dt = 0.001 s
Drop deposited every 20 time steps
49 drops per layer
Droplet energy content: Cðx̂k ; nDtÞ = 4.0
Droplet volume = (Dl)3, Dl = 0.2 cm
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(see Table 1). This follows in that the filtering of fine spatial
structure due to the dominant trend factor Eq 10 implies that
the temperature field is insensitive to details of the shape of the

melt bead droplet. It is significant to note, however, that the
temperature field is sensitive to the spatial distribution of
droplets (see Ref 9). The prototype analysis considers calcu-
lation of the temperature field at sampling points within two
different regions of the model structure. Shown in Fig. 6 is
schematic representation of relative locations of these sampling
points with respect to the substrate surface, the spatial domain
defining a rectangular coupon, and the build direction. Shown
in Fig. 7 are different types of droplet-by-droplet deposition
sequences. These different droplet-by-droplet deposition
sequences, used in different combinations, define different
types of layer-by-layer deposition sequences. Before proceed-
ing, it is to be noted that the model parameters given in Table 1
are such that the time for deposit of each layer is 0.98 s.

Shown in Fig. 8-10 are the time evolution of the temper-
ature field for the layer-by-layer deposition sequences
(AAA…), (ABAB…), and (ACAC…), respectively, defined
according to the different droplet-by-droplet deposition
sequences defined in Fig. 7. Each of the subfigures in Fig. 8-10
consist of a two-dimensional slice of the calculated three-
dimensional temperature field at the nonconducting substrate
boundary at different time. It should be noted that calculation of
the temperature field over two-dimensional slices is for the
purpose of examining properties of the algorithm. In practice,
for extended periods of time, the temperature field determined
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0.8 cm

0.8 cm

0.8 cm

Layer 1

Layer 2

Layer N

1.6 cm

1.6 cm

Sampling Point 1

Sampling Point 2

Build Direction

Fig. 6 Schematic representation of relative locations of sampling
points with respect to surface of substrate, spatial domain defining
rectangular coupon, and build direction
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Fig. 7 Three different droplet-by-droplet deposition sequences per layer used in numerical simulations, where droplet volume is (Dl)3 and
Dl = 0.2 cm. The layer-by-layer deposition sequence (ACAC…) represents a continuous path
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more conveniently at a finite number of sample points thus
significantly reducing the complexity of the algorithm such that
its computational cost scales only as the number of droplets.
Referring to Fig. 8-10, one notes the temperature distribution
within the neighborhood of an individual droplet for a time
period corresponding to the duration of its deposit. This
temperature distribution, and the associated local time evolu-
tion of the solid-liquid interface, represents one of the primary
constraints on the calculated temperature field. The local
temperature distribution of an individual droplet provides for
the implicit specification of the rate of energy deposition into
the system. Accordingly, the entire temperature history can be
scaled according the evolution of the solid-liquid boundary that
is observed for an individual droplet that is deposited upon a
metal surface. For example, referring to Fig. 8(a), 9(b), and
10(a), one can observe in each figure the location of the last
droplet deposited. In each of these simulations, the size of the
melt pool associated with each droplet can be specified by
adjusting the scale of the entire temperature field relative to the
alloy liquidus temperature, e.g., 1430 �C. In addition, referring
to Fig. 8-10 at times greater than 1.0 s, the local time evolution
of the solid-liquid interface can be adjusted according to
experimentally observed remelting of previously deposited
layers.

Shown in Fig. 11 are the temperature histories calculated at
sample point 1 indicated in Fig. 6 for layer-by-layer sequences
(AAA…), (ABAB…), and (ACAC…) defined according to
Fig. 7. As seen in this figure, the temperature histories at this
point are identical in that the amount of heat transferred to this
point as a function of time is the same for all three layer-by-
layer sequences.

Shown in Fig. 12-14 are the temperature histories calcu-
lated at sample point 2 indicated in Fig. 6 for layer-by-layer
sequences (AAA…), (ABAB…), and (ACAC…), respec-
tively, defined according to Fig. 7. Comparison of these
temperature histories provides an example of establishing
correlation between microstructure, which is correlated with
phase transformations, and process control. For this prototype
analysis, the relative level of reheating of the first layer is
considered. Accordingly, it can be observed that the
sequences (AAA…) and (ACAC…) result in a reheating of
the first layer (at sampling point 2) that is on average higher
than that of the sequence (ABAB…). The sequence
(ABAB…), however, results in a reheating of the first layer
that assumes a larger maximum temperature than that of the
other sequences.

Another aspect of process control that is of significance
for droplet-by-droplet deposition is the relative degree of
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Fig. 8 Temperature field in units of �C as a function of time at nonconducting substrate boundary for layer-by-layer deposition sequence
(AAA…) defined according to Fig. 7
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continuity of the path for liquid-metal deposition. The
relative degree of deposition-path continuity will influence
both the temperature histories at various regions within the
fabricated structure as well as the control algorithm adopted
by an automated process planner for imposing the trajectory
of each droplet. For example, the layer-by-layer sequences
(AAA…), (ABAB…), and (ACAC…) defined according to
Fig. 7 are characterized by different levels of deposition-
path continuity. Accordingly, the deposition sequence
(AAA…) represents the most discontinuous path, while the
deposition sequence (ACAC…) defines a completely contin-
uous path.

5. Conclusion

The success of fabrication processes based on layer-
by-layer liquid-metal deposition will depend upon the degree
of reliability of the manufacturing technology. For this, it is
important to have reliable predictability of temperature
histories and then to relate these histories to parameters
associated with process control. The general algorithmic

structure presented here, which addresses this goal, represents
an extension and refinement of an algorithmic structure
presented previously for inverse modeling of layer-by-layer
liquid-metal deposition. This algorithmic structure is poten-
tially adaptable for prediction of temperature histories within
fabricated parts having complex geometries and for the
construction of process-control algorithms. The specific aspect
of the algorithmic structure, in terms of numerical analysis,
which provides for its adaptability to complex geometries is
that the model system entails a contiguous discrete distribution
of active heat sources. The prototype analysis presented here
demonstrates application of the general algorithmic structure.
This prototype analysis, however, considered a specific set of
system boundary conditions. Accordingly, further analysis is
required to address issues related to the sensitivity and general
dependence of temperature histories on changes in boundary
conditions and process parameters. Changes in process
parameters could include changes in the path of sequential
droplet deposition and variations in droplet size during
deposition. Finally, optimal process control will require
correlation of temperature histories with microstructure. Fur-
ther study and algorithm extension are required to address this
issue.
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Fig. 9 Temperature field in units of �C as a function of time at nonconducting substrate boundary for layer-by-layer deposition sequence
(ABAB…) defined according to Fig. 7
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Fig. 10 Temperature field in units of �C as a function of time at nonconducting substrate boundary for layer-by-layer deposition sequence
(ACAC…) defined according to Fig. 7

Fig. 11 Temperature histories calculated at sample point 1 indi-
cated in Fig. 6 for layer-by-layer sequences (AAA…), (ABAB…),
and (ACAC…) defined according to Fig. 7

Fig. 12 Temperature history calculated at sample point 2 indicated
in Fig. 6 for layer-by-layer deposition sequence (AAA…) defined
according to Fig. 7
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